Abstract. Let H 4n−1 (H) be the quaternionic Heisenberg group of real dimension 4n − 1 and let In denote the maximal order of the holonomy groups of all infra-nilmanifolds with H 4n−1 (H)-geometry. We prove that I 2 = 48. As an application, by applying Kim and Parker's result, we obtain that the minimum volume of a 2-dimensional quaternionic hyperbolic manifold with k cusps is at least
Introduction
The complex Heisenberg group H 2n−1 (C) is
with group operation given by (s, z)(t, z ) = (s + t + 2Im{zz }, z + z ), where Im(zz ) is the imaginary part of the complex number z 1 z 1 + z 2 z 2 + · · · + z n−1 z n−1 for z = (z 1 , z 2 , · · · , z n−1 ), z = (z 1 , z 2 , · · · , z n−1 ) ∈ C n−1 . Then H 2n−1 (C) is a simply connected 2-step nilpotent Lie group with the center Z(H 2n−1 (C)) = R. Let M be an infra-nilmanifold with H 2n−1 (C)-geometry; that is, M = Π\H 2n−1 (C), where Π is a torsion free, discrete, cocompact subgroup of H 2n−1 (C) C for some compact subgroup C of Aut(H 2n−1 (C)). It is well known (see for example [4] ) that Π contains a cocompact lattice of H 2n−1 (C) with index bounded above by a universal constant I. That is, I is the maximal order of the holonomy groups. Note that the analogue in the Euclidean case is a consequence of a theorem of Bieberbach which states that there are only finitely many flat manifolds in each dimension. It is shown in [8] that when n = 3, I = 24. As a consequence ( [8, Corollary] ), the minimum volume of a complex hyperbolic 3-manifold M of finite volume with k cusps is k/9, and k is at most −24π 3 χ(M ).
The main concern of this paper is the quaternionic Heisenberg group
with group operation given by (s, p)(t, q) = (s + t + 2Im{q * · p}, p + q),
for the column vectors p = (p 1 , p 2 , · · · , p n−1 ) t , q = (q 1 , q 2 , · · · , q n−1 ) t ∈ H n−1 , where Im{q * ·p} is the imaginary part of the quaternion q 1 p 1 +q 2 p 2 +· · ·+q n−1 p n−1 seen as an element of R 3 . Then N n is a simply connected 2-step nilpotent Lie group with the center Z(N n ) = R 3 . Let M be an infra-nilmanifold with N n -geometry; that is, M = Π\N n , where Π ⊂ N n C is a torsion free, discrete subgroup with compact quotient, where C is a compact subgroup of Aut(N n ). Such a group Π is called an almost Bieberbach group (=AB-group). Since Π ∩ Z(N n ) ∼ = Z 3 is a lattice of Z(N n ), M fits T 3 → M → N , a Seifert 3-torus "bundle" over a 4(n − 1)-dimensional flat orbifold. When there is no singular point, it is a genuine bundle over the base space N which is a flat Riemannian 4(n − 1)-manifold.
It is remarkable that the group of isometries of N 2 as the boundary of the Siegel domain model of H 2 H (that is, the nilpotent factor of the Iwasawa decomposition of the isometry group P Sp(2, 1) of H 2 H ) contains a maximal subgroup of automorphisms of N 2 as a real nilpotent Lie group (forgetting quaternionic structure). Therefore, the group of isometries for the natural Hermitian metric is isomorphic the group of isometries for any left invariant metric on N 2 .
Let I n be the maximal order of the holonomy groups of all infra-nilmanifolds with N n -geometry. Then the main result of this paper is the following.
Main Theorem. I 2 = 48.
The number I 2 is significant in its own right, but here is another application. According to a recent work of Kim and Parker [5, Corollary 5.3] , it is related to the minimum volume of quaternionic hyperbolic orbifolds. More precisely, let M be an n-dimensional quaternionic hyperbolic orbifold with k cusps. Then the volume of M is vol(M ) ≥ 2 n−1 k
where m is the maximal index of a lattice in any of the subgroups of π 1 (M ) stabilizing a cusp. When n = 2, it is shown in [5, Proposition 5.8 ] that m = 576. We note that this result is still true for manifolds, and in this case m = I n . Hence we have a very sharp result for manifolds; namely, the minimum volume of a 2-dimensional quaternionic hyperbolic manifold with k cusps is at least
.
We are indebted to the referee who made many invaluable suggestions, as well as corrections to some mistakes of the initial version of the paper.
2. The group of isometries and affine structure of R 3× R
4
The group N n = {(s, x) | s ∈ Im(H), x ∈ H n−1 } is the nilpotent part of the Iwasawa decomposition KAN of P Sp(n, 1). It is the boundary of the Siegel domain N n × R + . The following theorem is known (see [5] ). 
For n = 2, this is N 2 (Sp(1) × Z2 Sp(1)). We shall explain how this acts on N 2 below.
We embed H into gl(4, R) as a division algebra as follows:
Note that if q = x 1 + x 2 i + x 3 j + x 4 k corresponds to the first column, then the second, third and fourth columns correspond to qi, qj, qk, respectively. Then ζ is an injective homomorphism (preserving addition and multiplication).
Observe that:
(1) ζ(q) = ζ(q) t , the transpose of ζ(q), and (2) det(ζ(q)) = |q| 4 .
Using the map ζ : H −→ gl(4, R), we can embed the group N 2 into the affine group Aff(R 7 ) as follows:
where I 3 , I 4 are identity matrices of size 3 and 4 respectively,
and ξ(x) is obtained by removing the first row from ζ(x) t (so it is a real 3 × 4 matrix). By abuse of notation, we shall use s and x for S and X.
Then the product in the affine group is 
Since ξ(x)y = Im(xy) = −Im(yx),
and the above equality shows that our map N 2 −→ Aff(R 7 ) is an embedding. Throughout the paper, σ denotes the matrix 
Note that σ ∈ O(4) − SO(4).
The group of isometries of N 2 fixing the identity is
which acts on the base space of the bundle R 3 → N 2 → H as left and right translations:
The action of this group on N 2 can be described as follows. The left multiplication by c and right multiplication by d = λ −1 (assuming the modulus of c and d are +1) correspond to conjugation by 
[This matrix appears in [5] already.] Notice that D ∈ SO(4) and D ∈ SO(3). Thus, 
It is easy to see that
The group of automorphisms of R
In this section, we shall calculate Aut(N 2 ), the group of automorphisms of the real Lie group N 2 (no quaternionic structure). From now on, we shall use
H. Using the identification
Accordingly, we introduce a new notation for Im{yx}. For
We shall represent I(x, y) by matrix products as follows. Using the function
Let σ be the matrix in (2-2) and
so that
Clearly I(x, y) = −I(y, x) and I(x, y) corresponds to Im{yx}. Thus the group operation in N 2 = R 3× R 4 becomes (s, x)(t, y) = (s + t + 2I(x, y), x + y).
Since I(x, ±x) = 0, we see easily that
Thus we have , y) , 0).
Clearly J 1 , J 2 , J 3 together with K 1 , K 2 , K 3 form a linear basis for the vector space so(4, R) of the skew-symmetric matrices. We denote the two subspaces of so(4, R) as follows:
, so(4, R) and so(4, R) r are ideals of so(4, R) and so(4, R) = so(4, R) ⊕ so(4, R) r .
For any C ∈ GL(4, R) and V ∈ so(4, R),
. In fact, with respect to the basis 3 . In order to calculate the group of automorphisms of N 2 , first we define
Then C ∈ O(J, 4) if and only if the map J C leaves the subspace so(4, R) spanned by J 1 , J 2 , J 3 invariant. Therefore,
for i = 1, 2, 3. Then it turns out that the matrix λ = (λ ij ) is non-singular. Now we form the column vector
with entries the matrices J 1 , J 2 , J 3 . With some abuse of notation, we can write
denote the non-singular 3 × 3 matrix λ which satisfies C t JC = λJ. Therefore, 
. Then the equalities (3-5) are satisfied. A direct calculation from these equalities shows that
for all i = 1, 2, 3. Let c i be the ith column of the matrix C. Then
Consequently, we have
Similarly, the second and third columns of C = (λ ij ) are
For the sake of calculation, we set the second matrix to (λ ij ), so
Of course, then λ ij = λ ij for all i, j. For j = k, using the equalities (3-6) and (3-7), it can be shown that
Thus any two row vectors of
is a homomorphism and det( C)
. From the equalities (3-5), we have J
Taking inverse matrices of the equalities (3-5), we get
This shows that (C −1 ) t is also an element of O(J, 4) with
Suppose det(C) = ±1. Then, from the above equality, we have
One can now easily see the equality (C t ) = (C ) t for any C ∈ O(J, 4). This proves the lemma.
Let S
3 ⊂ H * be the group of unit quaternions
, we obtain two copies of S 3 in O(J, 4):
(1) has image (S
Proof.
See the equalities (2-1), (2-5) and (2-6).
Then
. From the equalities (3-10), the map
r onto SO(3) (with kernel Z 2 = {±I 4 }) and S 3 trivially. Next we observe that the matrix diag{1, 1, −1} is not in the image of the homomorphism. Otherwise, there would be C ∈ O(J, 4) so that
and C t C = −I, and hence the (1, 1)-entry would be i c
But the right-hand side is not in the image of the homomorphism. This proves that
Since we know that S 3 is already in the kernel of , we conclude that
Thus we have obtained an exact sequence
and equalities
It is clear that S 3 and S 3 r and R + commute with each other.
Proof. Follows from Lemma 3.1 and Proposition 3.2.
Lemma 3.4. Every matrix in S
Proof. Let A ∈ SO(4) have multiple eigenvalues a ± bi with b = 0. Looking at the standard maximal torus of SO(4), there is P ∈ SO(4) such that P AP
, where R(θ) = cos θ − sin θ sin θ cos θ . Since A ∈ SO(4) has multiple eigenvalues
Since the center, Z(N 2 ) = R 3 , is a characteristic subgroup of N 2 , every automorphism of N 2 restricts to an automorphism of R 3 . Consequently an automorphism of N 2 induces an automorphism on the quotient group R 4 . Thus there is a natural
Now the conditionθ t Jθ = λJ guarantees that
Thus θ is an automorphism of N 2 . Moreover, this defines a split homomorphism
where an element
Proof. Let θ ∈ Aut(N 2 ). Then we have the following commutative diagram of exact sequences:
Since θ is a homomorphism, one can show that η is a homomorphism, i.e.,
η((s, x)(t, y)) = η(s, x) + η(t, y).
In particular, (θ(s), 0) = θ(s, 0) = (θ(s) + η(s, 0), 0) implies that η(s, 0) = 0 for all s ∈ R 3 , and thus η(s,
. Let us find out the kernel of the surjective homomorphism of Lemma 3.5: (x), x) . Clearly this θ lies in the kernel of the homomorphism. Hence we have a short exact sequence
By Lemma 3.5, this sequence is split.
The structure of AB-groups for
Let Π ⊂ N 2 Aut(N 2 ) be an AB-group. Then it is well known that Γ = Π ∩N 2 , the pure translations in Π, is the maximal normal nilpotent subgroup, and Φ = Π/Γ, the holonomy group of Π, is finite. Since Γ is a lattice of
Consider the following natural commutative diagram:
Recall from Theorem 3. Let Q = Π/Z 3 . Then the previous diagram induces the following commutative diagram: 
Proof. Let V be the 4 × 4-matrix whose column vectors are v 1 , v 2 , v 3 , v 4 , and let W i be the 3 × 3-matrix whose column vectors are
Then we can show that
The map I(x, y) consists of polynomial functions of the entries of x and y. Therefore the group generated by
This lemma tells us that the lattice Z 4 of R 4 generated by
, which must be contained in Z 3 in the above diagram. However, the Z 3 in the diagram can be finer than the lattice generated by
Recall from [6, Proposition 2] that a virtually free abelian group 1 → Z 4 → Q → Φ → 1 is a crystallographic group if and only if the centralizer of Z 4 in Q has no torsion elements. Since Φ acts effectively on Z 4 , it follows that Q is naturally a 4-dimensional crystallographic group.
The finite group Φ must be in a maximal compact subgroup SO(4) of Aut(N 2 ) = Hom(R 4 , R 3 ) (SO(4) × R + ). Note that this coincides with the compact subgroup
Construction of an AB-group Π from Q. For each 4-dimensional crystallographic group Q, we shall check if there exists an AB-group Π constructed from Q; that is, a torsion free Π ⊂ N 2 SO(4) ⊂ N 2 Aut(N 2 ) fitting the short exact sequence
This is the key notion for our arguments and construction. We have a complete classification of 4-dimensional crystallographic groups (Q's in the above statement). We shall use the representations of the 4-dimensional crystallographic groups given in the book [1] . Every Q has an explicit representation Q −→ R Our goal is to determine which Q will give rise to a torsion free Π that fits the diagram (4-1). When Q is torsion free, then Π will be automatically torsion free, but when Q contains a torsion subgroup Q 0 , we need to check whether the lift Q 0 to Π will be torsion free.
Let Π 0 be the lift of Q 0 to Π.
is exact. The finite subgroup Q 0 ⊂ Q injects into the holonomy group (of Q) Φ ⊂ SO(4) so that we can view Q 0 ⊂ SO(4). Recall SO(4) = S
3 × Z2 S 3 r , and S 3 is the kernel of the homomorphism :
is exact. Consider the pullbacks of the extension 1 → Z 3 → Π → Q → 1 by the inclusions Q 1 → Q 0 → Q. Then we have the following commutative diagram:
Since Q 1 acts trivially on
But every abelian subgroup of S 3 is cyclic. Hence Q 1 is cyclic. Therefore, Q 0 is a central extension of Q 1 by Q 2 .
Since Q 2 acts effectively on Z 3 , Π 0 is naturally a 3-dimensional orientable Bieberbach group, and thus Q 2 must be a holonomy group, i.e,
In particular, we have shown the following. 
The following is crucial in eliminating the possibility of constructing a Bieberbach group Π from a crystallographic group Q. 
Procedure 5.5 (of finding Φ and Φ r from Q). We assume Φ lies in GL(4, R).
Look at those elements of Φ which are not ±I (since ±I must belong to both Φ and Φ r ). Suppose A ∈ Φ has the eigenvalues a ± bi, with b = 0, of multiplicity 2. Then put A into Φ . For the next B ∈ Φ with the right eigenvalues, we look at the product AB. If this has the right eigenvalues, then put B into Φ . Otherwise put B into Φ r . Proceed to the next element. In what follows, the bold-faced numbers associated to the 4-dimensional crystallographic groups refer to the numbering in the book [1] . Proof. Let Q 0 be the subgroups of Q
a non-abelian group of order 16. By looking at the eigenvalues, we find that ∆ = Q 0 ∩ (Φ ∪ Φ r ) is a non-cyclic group of order 8. Further, ∆ is completely in one side of Φ ∪ Φ r (again from the eigenvalues). Since ∆ is not cyclic, it cannot be in the kernel of . Therefore, Q 1 = {±I 4 } and Q 2 is a group of order 8, which is impossible by Lemma 5.2.
Recall that any almost Bieberbach group Π for N 2 is a torsion free extension of Z 3 by a 4-dimensional crystallographic group Q. There are 4783 4-dimensional crystallographic groups up to isomorphism. However, not all 4-dimensional crystallographic groups are qualified here. By Corollary 5.1, we eliminate about half of those 4-dimensional crystallographic groups. By Lemmas 5.2, 5.3, and Corollaries 5.6 and 5.7 together with Lemma 3.4, we can eliminate most of the remaining 4-dimensional crystallographic groups with holonomy order ≤ 48, except for a few cases.
Elimination of special cases
In this section, we shall prove that there is no construction of AB-groups from the crystallographic groups of type 33/08 (and 33/12), 33/09 and 33/10. This requires special effort.
Given a 4-dimensional crystallographic group Q, it may happen that there is no AB-group Π constructed from Q itself, but there may be one from a conjugate of Q. But, it turns out that we need to check only two cases of different representations of Q into E 0 (4) = R 4 SO(4) in this special case. First, we present an example of Q, which has two distinct (non-isomorphic) constructions depending on the representations: 
Therefore, it is easy to see now that both Π and Π are torsion free. In fact, in both cases,
Thus, they are AB-groups. However, they cannot be isomorphic because the action of the holonomy groups on the center of the Fitting subgroups Γ are distinct as shown above. Recall that Q was conjugate to Q by an element of O(4). Proof. Suppose that there is an AB-group Π constructed from some Q , an embedding of Q into R 4 SO(4). Then, by the second Bieberbach Theorem, Q is a conjugate to Q by an element of R 4 GL(4, R), say, (x, X). Then
where S = XX t . By the assumption, S = kI 4 with k > 0. Hence
The converse is trivial. (v 1 , I), (v 2 , I), (v 3 , I), (v 4 , I), (a 1 , A 1 ), (a 2 , A 2 ), · · · , (a p , A p ) , where the subgroup (v 1 , I), (v 2 , I), (v 3 , I), (v 4 , I) is the maximal normal free abelian of rank 4. Then there exists an AB-group obtained from Q if and only if the group Π (s1,s2,··· ,sp) generated by (0, v 1 , I), (0, v 2 , I), (0, v 3 , I), (0, v 4 , I) ,
Proof. Any AB-group Π ⊂ N 2 Aut(N 2 ) obtained from Q is generated by
becomes a lattice of N 2 already (see Lemma 4.1), the group generated by 0, I) ) will be a subgroup of Π of finite index, and is an AB-group. Let us call this smaller group Π .
) for all i = 1, 2, 3, 4. Consequently, the group Π obtained by conjugating Π byη is another AB-group, satisfying the condition w 1 = · · · = w 4 = 0. [In the course of conjugation, t i will change.] Consequently, we have obtained an
The proposition says that if there is an AB-group Π constructed from Q, then Π (s1,s2,··· ,sp) is a subgroup of Π of finite index, which is another AB-group constructed from Q. Conversely, if Π (s1,s2,··· ,sp) is an AB-group (i.e., is torsion free), then we are done. Therefore, the existence/non-existence of construction is solely determined by the group Π (s1,s2,··· ,sp) described above.
Let Q ⊂ R 4 SO(4) be a crystallographic group Q = (v 1 , I), (v 2 , I), (v 3 , I), (v 4 , I), (a 1 , A 1 ), (a 2 , A 2 
We assume that the holonomy group Φ = A 1 , A 2 , · · · , A p satisfies
Let Π be the group generated by 
Proof. Observe that which implies that every element of Π can be written as
with n i ∈ Z, and 0 ≤ q 1 < order of A 1 , etc. Clearly the elements in (1) and (2) represent the identity element in the quotient group Q. Conversely, an arbitrary element of Γ (the lattice of N 2 , see the diagram (4-1)) is a product of t We now can take care of the troublesome case: Let Q be an affine 4-dimensional crystallographic group given in 33/08, 33/09 and 33/10 (holonomy group of order 96). The following matrix P will be used to conjugate the given abstract crystallographic group Q (which is embedded into R That is, (0, P ) ∈ R 4 GL(4, R) conjugates Q into a genuine crystallographic group. If S is a symmetric matrix which commutes with every element of the holonomy matrices of (0, P )Q(0, P ) −1 , it is easy to see that S = λI for some λ = 0. Therefore the condition in Proposition 6.2 is satisfied. Denote and denote their holonomy groups by Φ 0 and Φ 1 . We need to check only two specific embeddings R 0 and
and denote, for some s, t, u, v ∈ R 3 ,
By Proposition 6.3, there is no AB-group from R, if and only if for any s, t, u, v ∈ R 3 , the group Π generated by t 1 , t 2 , t 3 , t 4 , α, β, γ, δ,
has a non-trivial torsion element. Now let Z = Π ∩ R 3 . Then there is no AB-group from R if and only if the following holds: For any s, t, u, v ∈ R 3 , there exists a non-trivial torsion element of the form
where z ∈ Z and n i , p, q, r, o, k ∈ Z with 0 ≤ p < order of A, etc.
Proposition 6.5.
There is no AB-group Π ⊂ N 2 Aut(N 2 ) constructed from Q given in 33/08 (holonomy group of order 96).
Proof. We work with the group Π = Π (s,t,u,v) in (6-3) which is to be constructed from R = R 0 or R 1 . We shall show the following: For any s, t, u, v ∈ R 3 , there exist z ∈ Z, and n i , p, q, r, o, k ∈ Z with 0 ≤ p < 2, 0 ≤ q < 4, 0 ≤ r < 2, 0 ≤ o < 12 such that
is a non-trivial torsion element. Case R = R 1 . Our R 1 has a representation
where
For s, t, u, v ∈ R 3 , the group Π = Π (s,t,u,v) as in (6-3) has a generating set
is a lattice of R 3 . Let
Then z is an element of Z, and
is a torsion element of order 3 (for any choice of s, t, u, v).
Corollary 6.6. There is no AB-group Π ⊂ N 2 Aut(N 2 ) constructed from Q given in 33/12 (holonomy group of order 192).
Proof. Consider the subgroup S of Q generated by the following elements:
[we removed (e, E)]. Then S will be a 4-dimensional crystallographic group, and its holonomy group is generated by A, B, C, D. Since the holonomy group of Q has order 192, the holonomy group of S must have order 96, and is normal in Q. If we prove that there is no AB-group constructed from any 4-dimensional crystallographic group with holonomy group of order 96 (in particular, there is no AB-group constructed from our S), then we will have proved that there is no AB-group constructed from Q. In fact we can see that our S is one in the list already: The subgroup S of Q given above is actually isomorphic to the group Q given in 33/08 with generators (e 1 , I), (e 2 , I), (e 3 , I), (e 4 , I), (a , A ), (b , B ), (c , C ), (d , D ) .
This shows that µ(v, I) : S → Q is an isomorphism.
Proposition 6.7.
There is no AB-group Π ⊂ N 2 Aut(N 2 ) constructed from Q given in 33/10 (holonomy group of order 96).
Proof. We proceed as in the case of 33/08. Let Q be the group given in 33/10. Consider two embeddings R 0 and R 1 of Q into R 4 SO(4) by conjugating by (0, P ) and (0, σP ), respectively. Let
as before. Then z is an element of Z, and
is a torsion element of order 3 (for any choice of s, t, u, v). Then it is easy to see that zδ ∈ Π is a torsion element of order 2. : (b, B), (d, D) induces a non-commutative holonomy of order 10, Lemma 5.2.
• 48: 33/05/01/003: CONSTRUCTION! (Theorem 7.1).
